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Abstract In this paper indecomposable representations and boson realizations of the
nonlinear angular momentum algebra R¢! 7> of Witten’s first type are investigated
in a purely algebraic manner. Explicit form of the master representation of RZ{},CZM
on the space of its universal enveloping algebra is given. Then, from this master
representation, other indecomposable representations are obtained in explicit form.
Various kinds of single-boson, single inverse boson, and double-boson realizations of
Ry'»* arerespectively obtained by generalizing the Holstein—Primakoff realization,
the Dyson realization, and the Jordan—Schwinger realization of the Lie algebras SU(2)
and SU(1,1). For each kind, the unitary realization, the nonunitary realization, and their
connection by the corresponding similarity transformation are respectively discussed.
Using a kind of double-boson realizations, the irreducible representation of Ry,
in the angular momentum basis is given.

Keywords Deformed algebra, Indecomposable representation, Irreducible
representation, Boson realization, Inversion boson realization
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1 Introduction

Nonlinear algebras refer to some specific deformations of the usual algebras obtained
by introducing deformation parameters, to which they reduce in the limiting case in
which the deformation parameters are set equal to unity. In 1982, Kulish [1] showed
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that the algebra that governs the XXZ-Heisenberg spin model was a deformation
of the Lie algebra SU(2), called nowadays SU,(2). Since then, the development of
quantum groups (Quantized universal enveloping algebras, also called g-algebras or
quantum algebras) [2,3] motivated great interest in various deformations of algebraic
structures. There are many works devoted to various types of nonlinear algebras due
to their interesting mathematical structure [4-9] and possible applications to several
research areas of physics including field theory [10-13], statistical mechanics [14—
18], nuclear physics [19-21]. In molecular physics [22-28], some simple quantum
groups SU, (2), SU, (1, 1), and SU 4 (2) have been extensively applied in describing
physical models of diatomic molecules and polyatomic molecules, such as vibrational
spectra, rotational spectra, molecular backbending (bandcrossing), and g-deformed
vibron model, and discussing, plus a rigid rotator, quasi-molecular resonances in the
systems '2C + 12C and '2C + 1¢0.

The nonlinear Lie algebra to be discussed in this article is a kind of multi-parametric
deformed algebras, which can be viewed as the generalization of the quadratic defor-
mation of SU(2) put forward by Witten [11] in his studying Jone’s polynomials in
node theories and connections with the vertex models in two-dimensional statistical
mechanics. Here we denote it by Rg{};"’“, whose three elements J,, (u = 3, —, +)
satisfy the following commutation relations

5. J-], = —pJ_.
s Jely = s M)

[Jt, J-1= P(J3) = P(gJ3 — p),

where g and p are real numbers, [X, Y], = XY —gY'X is a g-deformed commutator,
and P (J3) is a polynomial function of the Cartan element J3, i.e.,

P(J3) =) CiJj, )

i=1

where coefficients C; are all real numbers, so that, for ¢ # 1 or Cy # 0, the highest
degree of the power series of J3 that [J4, J_] produces is s.

For RZ{;"’C“, there does exist a Casimir invariant of the type considered by Poly-
chronakos [4] and Rocek [5] as follows

C=JyJ_+P(qls—p)=J_J.+ P(]). A3)

It is easy to check that C commutes with all three elements J,,, i.e., [C, J,] = 0.
Different from the quantum group SU, (2) [29] and the polynomial angular momen-
tum algebra (PAMA) [6,9], both the deformed commutators and the power series of
J3 appear in the algebraic structure (1) of Rg'; . That is to say, Ry, includes
SU,(2) and PAMA as its special cases. It is obvious that when g = p =1, R‘ﬂi""cs

becomes the PAMA with the highest degree of J3 being s — 1 rather than s. When
g=p=1,C=C=1(rCi=C=-1),and C; =0( =3,4,...5), Ry’
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(or RI%’_I’O, where 0 implies that the number 0 is repeated as many times as nec-
essary) turns to be the usual angular momentum algebra SU(2) (or its non-compact
type SU(1,1)) [30]. Ifletg = p=1,C; =1,and C; =0(i =2,3,...5), then R}?
becomes the standard Heisenberg—Weyl algebra [31]. Hence, Rg‘,’};"’“ can be viewed
as a type of (s + 2)-parameteric deformations of SU(2) (or SU(1,1)) or Heisenberg—
Weyl algebra.

Indecomposable representations (i.e., reducible but not completely reducible repre-
sentations) of Lie algebras have been found useful in physics for a long time [32-36].
For example, in the quantum mechanical systems, the indecomposable representations
have been applied to quasi-exactly soluble potentials [37]. Boson realizations of Lie
algebras have played a central role in the study of algebraic models for atomic and
molecular structures [38,39]. For a general knowledge of the various types of boson
realizations and their applications in physics, one can refer to Klein’s review article
[40].

In this paper, we shall study in detail indecomposable representations and boson

realizations of the five-parametric deformed algebra RS> = RG>0, First,
following the idea presented by Jacobson [43] and Dixmier [44], we shall use the
purely algebraic method [41] to calculate the master representation of Rcl 2% on
its universal enveloping algebra U (R). This master representation may 1nduce the
corresponding representations on quotient spaces U (R)/I; defined by different left
ideals I;s with respect to U (R). It is well known that for the ordinary Lie algebras
and PAMAs, their inhomogenous boson realizations can be directly obtained by map-
ping the corresponding indecomposable representations into the Fock representations
[9,42], because these algebras have the same ordinary commutator (Lie product) as the
Heisenberg—Weyl algebras generated by the needed sets of boson operators. However,
for this kind of multi-parametric deformed algebra RZ‘,’I;“’“, there exists no simple
mapping relation between its indecomposable representations and the Fock representa-
tions, so we can not obtain the corresponding boson realizations of RC‘ 2% Here, we
shall apply an alternative method to studying various boson reahzatlons of ’RC‘ e,

which are analogous to the well-known results of SU(2) and SU(1,1) [30,40].

This paper is arranged as follows. In Sect. 2, the master representation of Rc' e
is calculated, then from it, various indecomposable representations of Rc‘ e on
different quotient spaces will be discussed. In Sect. 3, the single-boson reahzatlon and
two kinds of double-boson realizations of RC‘ 2 are respectively studied in detail,
which includes unitary realizations, non- unltary realizations, and their connections.
Then, the irreducible representation of Ry',*** is calculated by using one of double-
boson realizations. A simple discussion is given in the final section.

In the following N denotes the set of positive integers and C the set of complex
numbers.

2 Indecomposable representations of R',>*“

Accoring to the definition of Eq. (1), the commutation relations complied by RC‘ e

read
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3. J-1, = —pJ_,

s Jsls = 2y )
q q
Uy J_]=p (cl —Cp+ c3p2) + (cl — C1g +2Capq — Sc3p2q) T3

n (c2 — C2g* +3C; pqz) I+ (C3 - C3q3) 3.

By means of the Poincaré—Birkhoff—Witt theorem [43,44], the basis for U (R) can be
expressed as

{X(n,m,r) = JJIZJTJ_{M, m,r € N}, 5)

where the identity operator is obtained by setting n, m, r to be zero simultaneously,
ie., 1= X(0,0,0). By acting with the generators of Rg',**® from the left on the basis
(5), we obtain

[ —gmn

p(JS)X(n,m,r) = qm_nX(n,m,H-l) - pqu(n,m,r),

1
p(J+)X(n,m,r) = X(n+1,m,r)a (6)
p(J—)X(n,m,r) = X(n,m+l,r) + C3 Qm(37 _37 O)X(nfl,m,r+3)
+{3C3pl0m (3, =3, 1) = On(2, =2, D14+ C20m (2, =2, 0)} X (n—1,m,r+2)

+ {36307 10n(3, =3, =202, =2,2) + Qu(1,-1,2)]
+2C2p 102 =2, 1) = O (1, =1, D1+ €10 (1, =1, 0)} Xiutm 1)
+p {30100 3. =3.3) = 0@ ~2,3) + Qu(1, ~1,3)]

+CopOm(2,-2,2) = OQm(1, =1, )]+ C1 Qu (1, —1, 1)} Xn—1.m,r),

where

x(m+1) 1 - qyn

) s Vo N' 7
(—g WS ?

Om(x,y,2) =¢q

It is not difficult to verify that the map p forms a representation, i.e.,

—pp(J-),
2oy,
q

[p(J3), p(J-)],
[0(J3), ,0(J+)]5

[0(J3+), P = p(C1 = Cap + C3p?) + (C1=Ciq +2C2pg =3C3p%q) p(J3)

+(C2 = C2g* +3C3pa?) () + (C3 = C3¢°) p(U)*,
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C1,€2,€3

We call p the master representation of R, on U(R). Owing to the fact that the
values for the indices m and r do not decrease under the action of p, the representation
p given by Eq. (6) is indecomposable in m and r.

From Eq. (6) it is obvious that the operators p(J3) and p(J+) can increase and
decrease the power n of J, while only increase the powers m and r of J_ and J3.
Therefore, for a fixed M, R € N,

VM. R) = {Xoumsntrery = S M I R i m, v e N @®)

is the subspace of U (R). Note that V (0,0) = U(R). V (M, R) is invariant under the
action of the representation p, so we may get the subduced representation of R;'jpcz’q
through the restriction of the representation p on the subspace V (M, R). Furthermore,
on the quotient space U(R)/V (M, R), the induced representation of Rg';>"“* may be
obtained from the representation p by setting X, mu+m,-+r) — 0 formally. Next, we
shall consider several other quotient spaces U (R)/1;, where I;s denote the left ideals
with respect to U (R).

(1) Consider the left ideal 7] generated by one element J3 — A1 (A € C), then the
corresponding quotient space U (R)/I is spanned by

{Xo.m) = X(n,m,0) modli|n, m € N}, )

therefore the representation p given by Eq. (6) may induce a representation, denoted
by p1,on U(R)/ 11, ie.

- 1—q¢"™
01(J3) X (nm) = (qm "A - Pﬁ) Xn,m)»
P1UI D Xwm) = X@nt1,m) (10)
P Xy = X1y + {C0m(3, =3, 0)A7
+{3C3p[0m(3. =3, 1) — 0 (2, =2, D]+ C20,n (2, =2, 0)} A?
+ {3C3p2 [Om(3,=3,2) = 20m(2, =2,2) + Om(1, —1,2)]

+2Cop[Om(2, =2, 1) — On(1, =1, D]+ C1Qp (1, —1, 0)} A
+ {C3p3 [Om(3,=3.3) = Om(2, =2,3) 4+ On(l, =1, 3)]

+C2p* [Qm(2.—2,2) = Qu(1, =1, )]+ C1pQu(l, —1, 1)}

>(X(n—l,m)a

where the property p;(J3)1 = A1l has been utilized. It is obvious that X (n, m) in
U(R)/I is the eigenvector of the operator p(J3) corresponding to the eigenvalue
q" "N — pl_lq_mq_". Notice from Eq. (10) that the values of the index m do not
decrease under the action of pi, the representation p; is indecomposable in m, and

has an invariant subspace Vi (M), which is spanned by
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{X(n,m+M) = 71" M m e N] (11)

for a fixed M € N, and V1(0) = U(R)/I;. The subduced representation on V(M)
can be obtained by restricting p; to the basis (11) while the induced representation of
Rg'»> on the quotient space U(R)/11/ V(M) may be obtained by formally setting
X@,m+my — 0. When M = 1, Eq. (10) gives directly

P13 X = (CJ”A - pll__qqn) Xy
P1UD) Xy = Xn+1)s (12)
1) Xw = {106, -3,004°

+(3C3p03, 3. 1) = Q2. =2, D] + C20(2, =2, 0)} A2

+ {3C3p2 [03,-3,2)—-202,-2,2)+ 01, —1,2)]

+2Cp 02, -2,1) — Q(1, -1, D]+ C1O(1, —1, 0)] A

+p [C3P2 [0(3,-3,3) - 012,-2,3) + 0(1, -1, 3)]
+Cop[0Q2,-2,2) — O(1, —1,2)] + C; O(1, —1, 1)}X<n—1),
where Q(x,y,z) = Qo(x,y,z). Or equivalently, we may consider the quotient

space U (R)/ I, associated with the left ideal 1>, which is generated by two elements
{J—, J3 — A1} (A € C). The basis of U(R)/ I reads

{X(n) = X(u,0,00modlz|n € N}. (13)

Hence, U(R)/11/Vi(M) ~ U(R)/I,. If all the coefficients on the right hand side of
Eq. (12) are nonzero, then p; is irreducible.
The space Vi(M') (M’ € N) with the basis

{X(n,m-i—M/) = J_ﬁJﬁﬁM’ln, m e N} (14)

is an invariant subspace of V(M) as long as M’ > M. Thus, on the quotient space
Vi(M)/Vi(M'), pi may also induce a representation. For the special case of M' =
M + 1, we have

~ M 1—gMn

P1(J3) X my) = (61 A — Pﬁ) X, M)

1D X my = X1, M) (15)
AU X o = {03, =3,004%

+{3C3plOMB, =3, 1) = Qu (2, =2, D] + C20m (2, =2, 0)} A*
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+{3C3p2 1013, =3.2) — 201 2. =2.2) + Qu (1. ~1,2)]
+{Cp 10M B, ~3.3) = QU ~2.3) + Qu (1. ~1,3)]
+C2p [Qu (2. ~2,2) = Qu (1, =1, 2]+ C1pQu (1, =1, D)}

X X (n—1,m)-

The representation pj is algebraically equivalent to p; given by Eq. (12).
(2) The left ideal I3 is generated by one element J_ — ®1 (® € C), then, on the
quotient space U (R)/I3 spanned by

{Xo.r) = X(n,0,nmodI3|n, r € N}, (16)

the representation p given by Eq. (6) induces the following representation

—n

l—gq
pZ(JJr)X(n,r) = X(n+1,r)a (17)

p2(J3)X(n,r) = q_nX(n,r+1) =P X(n,r)a

.
r\ -
p2(J )X = O Z (k) P Xwpy + C303, =3, 0)X(-1.r43)
k=0

+{3C3p[QB3, =3, 1) = 02, -2, D]+ 202, =2,0)} X(n—1,r+2)
+ {3C3p2 [0@3,-3,2) —202,-2,2)+ Q(1, -1, 2)]
+2Cp[0(2,-2, D) — O(L, -1, D]+ C1 01, —=1,0)} X(4—1,r41)
+p {C3P2 [0, -3,3) — 0(2,-2,3)+ 01, -1, 3)]
+Copl0Q2,-2,2) — 0(1, -1, )]+ C1 (1, =1, D} X(u—1,0),

where (,rc) = WL,{), is the usual binomial coefficient, and the property p2(J/-)1 = ©1
has been utilized.

If ® = 0, then the induced representation p> given by Eq. (17) is indecomposible
in r, and has the invariant subspace V,(R) spanned by

{X(n,,m = I IRy e N} (18)
for a fixed R € N. The subspace V>(R) carries a subrepresentation of Ry',*“*, which
may be obtained by restricting p, to the basis (18). Furthermore, on the quotient
space U(R)/13/ V2(R), p2 induces a representation, which may be obtained by for-
mally setting X, ,+r) — 0. For the case of R = 1, the induced representation on
U(R)/I3/ Va2(1) is identical to p; given by Eq. (12) with A = 0.

Finally, we discuss another type of representation of RZ{;Z’” by using the following
new basis
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{J1F(C. J3), J"G(C, J3)|In,m € N}, (19)

where F and G are the polynomial functions with respect to C and J3. The unit element
is obtainedbyn =0and F =1,m =0and G = 1.
Thus, from Eq. (6), we have

1 —g™
T
pUIDIL = T, (20)
PUI)IE =TI+ C30(3, =3,00J7 7173
+{3C3p[QB, =3, 1) = 02, =2, D]+ C20(2, =2, 0)} /1713
+ 36502106, 23,2~ 2002, ~2.2) + 0(1, -1,2)]
+2Cp (Q2.-2.1) = Q(1, =1, 1) + C1Q(1, —1,0)} J{ ™" J3

+{ep*106,-3,3) - 3002, -2.3) +30(1, -1,3)]

PRI =qT" I3 —p

+ P02, —2,2) —20(1, —1,2)] + C1 pO(1, —1, 1)} i
pIDJI" = J" I 4+ C30(0,3,0)0" 13

+[3C3pQ(0,3,1) —=3C3pQ(0,2,1) + C20(0,2,0)] J" 1 J}

+ {3C3p2 [0(0,3,2) —20(0,2,2) + Q(0, 1,2)]

+2C2p (0,2, 1) = Q(0, 1, 1)) + €100, 1,00} J" = 3

+p {7 10(0,3,3) = 30(0,2,3) +30(0, 1, 3)]

+C2p1Q(0.2,2) —20(0. 1,2)] + C10(0, 1, 1} J2 .

Let us consider the left ideal 14 generated by two elements {C — A1, J3 — A1}, where
A, A € C, then on the quotient space U (R)/ 14, p induces the following representation

pr(J3) ) = (q*"A - pll__q;n) JL,

pr(Je) I = T, @1)

P IY = {x —C3q” A+ {3cap[Q<3, -3,1) = 02, -2, 1) +¢°]
_Czqz—zn}Az
+ {3C3p2 [0(3, —3,2) —20(2,—2.2) + 0(1, —1,2) — q]
+20p(0Q2, -2, 1) — 01, —1,1) — q) — Clql_"} A
+{er106,-3,3 -300,-2,3) +300,-1,3) + 1]
+Cp? 02, -2,2) =201, —1,2) — 1]
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+ [0, —1,1) — 1] —co}} o

DI =[x = G a3 + 363010003, 1) = 00,2, D] = Cag™' | 4>
+{3¢30210(0,3,2) - 20(0.2.2) + 00, 1,2)]
+2Cp(Q(0,2,1) — 00,1, 1)) — Clq”} A
+ {C3p3 [0(0,3,3) —30(0,2,3)+30(0,1, 3)]

+ C2p?[0(0,2,2) = 2000, 1,21+ €100, 1, 1) = Co} } /27,

where the properties p1(C)1 = A1 and p1(J3)1 = A1 have been used. It is obvious
from Eq. (21) that J in U (R)/ 14 are the eigenvectors of p;(J3) corresponding to the
eigenvalues g ™' A — p 11_on , respectively. This representation is irreducible if all the
coefficients in the last two equations are nonzero.

3 Boson realizations of Rfll,’pcz’%

In this section, we will study various boson realizations of Rg',*“ in detail.
Denote ¢ pairs of mutually commuting boson operators by {a;, a;r i=1,2,...,1t}

+

(the annihilation operators a; are adjoint to the creation operators a;", i.e., a; = (ai+)T,

ai+ = (a;)"), which satisfy the commutation relations [30]

+
lai, aj]=dij,

R S I S
(ni, aj’]=éija;, (22)
(i, aj] = =éija;,

where n; = ai‘"ai is the particle number operator of the ith boson. Furthermore, the

complete set of basis vectors of Fock space
Fr={lmna...n)|ny, no, ..., ny=0,1,2,...} (23)
may be constructed from the vacuum state |00 . .. 0) by using the definition

_ @M@ (@)

nilno!. .. ny!

lnna...ng) 100...0). 24)

In fact, these basis vectors are the common normalized eigenvectors of 7; belonging
to eigenvalues n; respectively, i.e.,

Ailny...nj...ng) =nilny...n;...ng), (25)

and satisfy
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aijlny...nj...ng) = milny...n; —1...n), 26)
aflny...np..ong) =i + 1|y .onp+ 1. ony).

Although the boson operators, a; and ai‘|r , do not possess any inverse in a strict sense
because of their singular feature, the generalized inverse of these boson operators,

denoted by a;” and (a,.Jr)’1 respectively, may be defined by their action on the basis

vectors of Fock space [45-47],
a_1|n ni...Nny) = ! |n ni+1...n)
i 1...0;...10) = nl+1 1...0§ ey )y
_ 1
(ai+) ]|n1...n,~...n,)=(1—8ni,o)f|n1...ni—1...n,). 27

N

In fact, a,” Vare only the right inverse of a; since they satisfy

however, a;” ! a; are not unity (/) but are given by

a;'a; =1—100...0)(00...0].

where [00...0)(00...0] is the projection operator on vacuum. Similarly, (al.+

)_1 are
only the left inverse of a;’ . As is seen, a; ! behave as the creation operators, while

(ai+ )~1 as the annihilation operators.
By direct calculations, it is easy to obtain the following commutation relations

[(a")~", afl=6;100...0)(00...0],
i, (@)= =8, (28)
[, aj_I] = 31’;’61]»_1-

3.1 Single-boson realizations of Rg' ;>

The single-boson realizations of Rg';,*“* may be chosen in the following form

B® (1) = h® @),
B® 3 = f®@yak, (29)
BO ) = (ahH gW (@),

where k is an integer, 2 ® (1), % (), and g® (1), being real operator functions of /i
only, have to be determined by the commutation relations (4). Fork = 1,2, 3, ..., we
call B®(J,) (u = 3, £) the boson realizations of simple type, quadratic type, cubic
type, and so on respectively owing to the fact that the action of B*)(J1.) on the basis
vector |n) of the Fock space Fj leads to |n F k) ~ B® (J1)|n).
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(1) Fork > 0.
Using the first or second equation of Eq. (4), we may obtain the single-variable
difference equation satisfied by 1% (77)

1
WO @) — ~h® G+ k) =L (30)
q q

with the help of the relations
@ () = £ —ky@hH,

P . . (3D
a“fn)=fn+kya*, i=1,2.
The solution of Eq. (30) reads
@) = L= (1= g"/+e), (32)
qg—1

where « is an arbitrary real number. It is worth mentioning that 2® (71) is independent
of the parameters C; (i = 1, 2, 3).

The third equation of Eq. (4) requires that £ % (72) and g® (7) satisfy the following
difference equation

k k
[H(ﬁ + i)} O @)Y ) — [

h—i+ 1)} FO@R—kg®m —k)
i=1

i=1

= p(C1 = Cop+C3p?) + (€1 = C1g +2Copg = 3C3p%q) ¥ ()
+ (C2 g+ 3C3pq2) [h(")(ﬁ)]2 + G (1 - q3) [h‘“(ﬁ)]3 . (33)

Note that the functions f® (72) and g® (2) do not appear separately but only appear
as their product f® (72)g® (7). Below we will study in more detail the case of k = 1.
Inserting Eq. (32) into Eq. (33) and solving it, we obtain

—3a n+1
D ay (D ay _ P4 (q -1
S = TG
+Caplg — 1g” (2q°‘ G 1)

+C3p? [3(10‘ (g — 1) + ¢! (qﬁ“ 3%+ 1) " 1]} (34)

{cita - 12>

This solution shows that we may have some freedom in the choice of the functions
S ) and gD ():

(a) The unitary boson realization.

The boson realization B(J,) (u = 3, &) is unitary if they satisfy

[B(J3)]" = B(J3),

. 35)
[BUUw)] = B(Jp).
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We call Eq. (35) the unitary conditions of the boson realization.
The second equation of Eq. (35) requires that f)(7) = ¢V (i), then solving
Eq. (34), we may obtain from Eq. (30) a kind of unitary single-boson realization

B = o (1-47).
qg—1

. —3a(gh+1_1 i
B(l)(-]+) =4/ % {Cl(q—l)zqza + Cap(g—1)g® (2q°‘—q”+l — 1)

. . 1/2
+C3p? [3¢%@" = D +a™ @™ =3¢+ D +1]} Ta 66

5(1) _ v P (g™ 1) N2 20
B (J_)—a\/(q_1)3(ﬁ+1) {Cl(q g

+Caplg — g” (261”‘ A 1)

X . 12
+C3p? [3q”‘(q“ —D+q" @ =3¢% + 1) + 1]} :

In order to obtain the real boson realization, the values of »n in the matrix elements
of E’(l)(.li) in the Fock space 71 = {|n)|n = 0,1, 2, ...} need limiting for the
given {gq, p, C1,C2,C3}. Wheng = p = C; = C, = 1 and C3 = 0, Eq. (36)
becomes the Holstein—Primakoff realization of SU(2) [48]. Hence, we call é(k)(lu)

the Holstein—Primakoff-like realization of kth order of Rg' .
(b) The non-unitary boson realization.

If the unitary conditions (35) need not satisfying, it follows from Eq. (34) that the
convenient choice, for example, g(n) = 1, may immediately give rise to a kind of
non-unitary single-boson realization of interest

BOy) = L= (1-4"),
q—1

3o, n+1
- pg>%(q"" = 1)
BUUL) = (q—13@+1)

+Cap(q — 1)g” (261"‘ —q" - 1)
+C3p2 I:Sq()l(qot _ 1) _}_qfl-‘rl (qﬁ-‘rl _ 3q0t + 1) + 1]}@,
BV )y =a". (37)

[crta -1

Whenqg = p = C; = C2 = 1 and C3 = 0, Eq. (37) becomes the standard Dyson real-
ization of SU(2) introduced originally by Dyson [49] in his study of spin-wave inter-
actions. Hence, we call B®¥)(J,) the Dyson-like realization of kth order of Rg! ;>

Different from the Holstein—Primakoff-like realization (36), no square-root symbol
appears in Eq. (37) so that the Dyson-like realization may not only avoid the conver-
gence questions associated with the expansion of square-root symbol but also make

the values of n in 71 = {|n) [n = 0, 1, 2, ...} unlimited.
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€1,€2,€3

Inserting Eq. (36) or (37) into Eq. (3), we obtain the Casimir operator of R},

_ pg (g% —1)

(g —1)3 {(q —1g*[Ci(g — Dg*“+Cap(q” —1)]+C3p*(q* — 1)2} .

(38)

It is clear that C, which is independent of 7, is a number.
(c) Unitarization of the non-unitary realization.

It is not difficult to find that the non-unitary Dyson-like realization B(l)(JM) may
be related to the unitary Holstein—Primakoft-like realization BD(y 1) by a similarity
transformation S, i.e.,

SBVU)Ss =BV, w=3, £ (39)

In general, S is an operator function with respect to {a, a*,n}. Using the unitary
condition B(l)(J+) = (BMWJ_))T, we obtain from Eq. (39)

v (3 ‘”(J—)f U =BV, (40)

where U = STS. Note that B (J3) is already Hermitian, so we call Eq. (40) the
unitarization equation of the Dyson-like realization. As an example, let us calculate
concretely the explicit expression of S. The first equation of Eq. (39) implies that S
commutes with J3 and is at most the function of 7, thus, calculating the matrix element
of Eq. (40) between the basis vectors (n — 1| and |n) and using Eq. (37), we may derive
the equation satisfied by S, i.e.,

2 pqg (g  — 1)
 (g—1n
+C3p* 34" — )+ 4" (" —3¢* + D) + 1]} (n—1|Sn — 1)2.
(41)

(nISin) {c1ta = 1% + C2pg - Da" 24" =" = 1)

Solving Eq. (41) with the initial condition (0|S]0) = kg (k¢ is a real number) gives

3
S(n) = Ko C1 Y Bk=1k=3)+11¢" (¢'=¢7")
k=1

p n/2n—1 1
(<q - 1>3) ,Q N {
1
_’_Csz(_l)qu*a(z _ qfol _ 2q1+1 +q2i7(1+2)
k=0
3

3 1/2
+ C3p® D[Sk — )k — 3) + 1g ™4 (gD — 1)} . 42)
k=1
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Using Eq. (25), S(n) may be written as the operator function S(n) by replacing n — 7
in Eq. (42), so that S(n) = (n|S(n)|n).

(2) Fork < 0.

Using the same method as the case of k > 0, we obtain

(~Dgpy P _ il

W@ = L (1-a ). 43)

and

ipg ¥ (g" —1)
(q—1)?

x [C1la = g™ + Capla" = |+ C3pPs(g" = D} @)

FGg D) = - {@—14"

respectively.
Inserting Egs. (43) and (44) into Eq. (30), we may obtain the explicit expressions
for the unitary single inverse boson realization by taking " (7) = g~V (), i.e.,

BV = L= (1=g71),
q-—1

. Ang=3(g" — 1 .
B(—1)(J+):\/_npq(q _(611)3 ){(q_l)qn

. X X 12
x [Cl(q —1)q" + Cap(g" — 1)] +C3p%(g" — 1)2} a”', 45)

. A —3i(,n _ 1 R
B(—1)(J_):(a+)_1\/_npq(q _(611)3 ){(q_l)qn

A A 2 a4 2?2
x |Ci(q —Dq" +Cap(qg" —1)|+C3p°(g" — 1) ,

and the non-unitary one by taking g~V (7) = 1, i.e.,
By = L (1-977),
qg—1
Apg=(g" — 1)
(@-13
x [Cl(q — g™ + Cap(q" — 1)] +C3p*(g" - 1)2} a”', (46)
B(*l)(]_) — (Cl+)71.

BV = - {@-nda*

The above two kinds of inverse boson realizations are unfamiliar to us. Now let us
see the corresponding results for SU(2). Settingg = p=C;1 =Cy=1and C3 =0
in Eqgs. (45) and (46) respectively gives the single inverse boson realizations of SU(2):
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BV () =4,

su2

BV () = ay=G + Da !, (47)
B, (o) = @HNi/=G+ D,

and

BV () =4,

su2

BV () = =i+ DiaZa™!, (48)

=)
B, (J-) = (a")~.
We notice from Eq. (47) that in F; the square roots in the matrix elements (n % 1|
és(u_zl)(li) |n) are either pure imaginary or null.
The similarity transformation S(77), which transforms the non-unitary realization

B(_l)(JM) to the unitary realization B(_U(JM), reads

—nj2n-1 _ g3+
p
S(n) = e (—) I I \/—q {C] (g — 1)3g*+D
1=0

(g —1)73 I+ D@t =1

—1/2
+Caplg = D@ = Dg"* T+ Cp2 -0 (49)

with the initial condition being S(0) = (0]S(72)|0) = &g (&g is a real number).

3.2 The first kind of double-boson realizations

Generalizing the famous Jordan—Schwinger realization of SU(2) [30,50], the first kind
of double-boson realizations of Ry',;*'“> may be defined as

k.l kD), ~ A

BED (7)) = Ay, o),

k.l kD), A~ A~
BTy = 5 (G, i) (aihHRdd, (50)
k,l k), ~ N
B () = a¥ @) g (a1, o),

where k and [ are integers, h(lk’l) (1, n»), fl(k’l)(ﬁl, n2), and ggk’l) (1, no) are the
operator functions of 7| and 71, which need determining by the commutation relations
(4). For the fixed (k, 1), the action of Bl(k’l)(ji) on some basis vector |nyn,) of F;
gives [n1 £k, ny F 1) = B (T |nina).

Using the first or second equation of Eq. (4), we obtain the equation satisfied by
A GIN

1
WDy, ) — C—Ihﬁk’”(ﬁl —k i+ 1) = g. (51)
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Solving Eq. (51) gives

hgk’l)(ﬁla ﬁz) — Ll (1 — q_'21116+’3) . (52)
q—

The third equation of Eq. (4) requires that fl(k’l) (n1,n2) gik’l)(ﬁl, no) satisfies the
following difference equation

k 1
[H (i —i+ 1)} [H (2 + i)] D Gy, 7D (1, )
i=1

1l
l koo Lo k.0) [~ . &1 [ .
—|:H(n1+l)i||:H(n2—l+1)i| FED Gy 1 kg —1) g* (4 &, o —1)
i= i=1

1
(C1 = Cap+ C3p?) + (C1 — Cig +2Capq — 3C3p%q) hik’l)(fu, )

p
2 3
+(Cy — C2g* +3C3pg?) [hi"’” (A1, ﬁz)] +C3(0 =g [h(lk’l) (A1, ﬁz)] .
(53)

However, it is very difficult to obtain the general solutions of Eq. (53) for arbitrary k
and /. Below we will study in more detail the simple case of (k,/) = (1, 1).
Inserting Eq. (52) into Eq. (53) and solving it, we obtain

pa' Mg —1)
(g— D31y + 1)
+Caplg —1) (ql+N/2 +ql—M/2 . 2)
—Cyp? (q2+1§7 + quM _ 3q1+1\7/2 _ 3(]171\2/2 + q2+ﬁz + 3)] ’

(54)

fi(hr, A2)g1(An, ia) = [~Ci(g —1)?

here and afterwards, the superscript (1, 1) has been omitted for the sake of simplicity,
N = f + A, is the total particle number operator, and M = /| — f» the particle
number difference operator.

In the following, from Eq. (54) we will discuss respectively the unitary realizations
and the non-unitary realizations by choosing f1(n1, 712) and g (711, 12).

(a) The unitary realization.

The unitary conditions (35) now read

Bl (J3) = Bi(J3),

N (55)
B|(J+) = Bi(J3).

Notice that By(J3) is already Hermitian. The two later equations of Eq. (55) require
fi(ny, n2) = g1(ny, no). Thus, solving Eq. (54) and substituting the expression of
fi1(ny, no) into Eq. (51), we may obtain
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Bis) = L= (1-¢77),
qg—1

5 1—M/2( A 1)
pPq q 2
Bi(Jy) = — —Ci(g —1
1) \/<q DG @Y
+Caplg = 1) (g2 4!~ —2)
i (q2+N N VA S VT Y L e 3)]1/2afra27
(56)

5 B N pql—M/z (qﬁl _1) - 2
B1(J-) = aja, \/(q T DMGa T D) [ Cig—1)

+Cap(q — 1) (¢ + 4" - 2)

. N . N R 172
—C3p? (q2+N g M 31 tN2 3 1=M)2 2 3)]

It can be easily checked that the realization (56) satisfies the commutation relations of
Rg'5> . We observe that By (J3) depends on the particle number difference operator
M only. Except for the case of ¢ = p = C1 = C, = 1 and C3 = 0, Eq. (56) is
analogous to the Holstein—Primakoff single-boson realization of SU(2) [48] because
of the existence of the square-root symbols. Hence, the acting space of B (J) may
be certain subspaces of the Fock space 7, = {|n1n3) |n1,n2 =0, 1,2, ...}, in which
n1 and ny need limiting in order that the values of the square roots appeared in the
matrix elements (ny £ 1lny F 1|1§1 (J+)|n1n2) must be greater than or equal to zero.

Inserting Eq. (56) into Eq. (3), the Casimir invariant C of R',>"“* may be expressed
in terms of the boson number operators 7] and 71, as

N/2 . .
= S e -0+ eatg - e - @] 67

where ;(1\7 y=p(g'"tN —1). Equation (57) shows clearly that C depends on the total
particle number operator N only, rather than the particle number difference operator
M and the separate particle number operator 711 or n. Calculating the expectation
value (n1ny|C|n1ny), we have

¢()

(nin2|Clninz) = q-17

[-Cia =1+ g = De() = 2] (59)

where j = N/2 has been introduced, i.e., the values that j may take are half integers
(j =0,1/2,1,...). The similar conclusion exists for SU(2) [30].
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(b) The non-unitary realization.

It follows from Eq. (54) that the choice g (71, n2) = 1 may immediately give rise
to the non-unitary double-boson realization

Bi(s) = 2 (1-¢717),
qg—1

pq' M2 (gM — 1)
(g — D3y + 1)

+Cap(g — 1) (q1+’v/2+ql‘M/2 —2) (59)
—C3p? (q2+1\7 + qz—M _ 3q1+1\7/2 _ 3ql—M/2 4 g2t 4 3)] af a.

Bi(J_) = aja; .

Bi(Jy) = [_Cl (g — 1)?

The Casimir invariant C has the same expression as Eq. (57). Notice that except for
the special case of ¢ = p = C; = C> = 1 and C3 = 0, the double-boson realization
(59) is in fact analogous to the Dyson single-boson realization of SU(2).

Different from the unitary realization (56), no square-root symbols appear in the
nonunitary realization (59), hence, it may not only avoid the convergence questions
associated with the expansion of square-root operator but also make the values of
ny and nj in {|n1n2)} unlimited, i.e., the acting space of L_?l(JM) is the whole Fock
space F>.

(c) Unitarization of the non-unitary realization.

Following the same method as used in Sect. 3.1, the non-unitary realization (59)
may also be connected with the unitary realization (56) by the corresponding sim-
ilarity transformation. However, because of the complexity of result (59), here we
restrict ourselves to the special case ¢ = p = 1, i.e., Bi(]u) = limy ,—1 Bl(JM) and
B{(J,) =1limy p—1 B1(J,).

Denoting the similarity transformation by S;, we have

S1B{(J)ST! = Bi{(JW), w=3, £ (60)

The equation for i = 3 implies that S| depends only on the particle number operators,
71 and ny.

Using Eq. (60) and the unitary conditions (f?i )t = éi (J5), we may obtain the
following unitarization equations

urt (B ) U = Bi(), 1)
—1 (s T _ p/
U (Bj(w) U = B{(5),

where U = S}LS 1 is Hermitian. Calculating the matrix element of the first equation of
Eqg. (61) in the Fock space F», and using Eq. (59) withg = p = 1, we may deduce the
difference equation satisfied by the expectation value S| (ny, n2) = (n1n2|Si|nina),
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{—4C1 £ 4C (2 +2) — C3 [n% 3y + 2)2]} Si(n1, na)?
—4(ny + 1S; (n] — 1,n2 + 1H> = 0. (62)

Its solution is

Cl T (—ag)r (wf(z\?)) I (wy (V)

Si (. y) = ., (63)

r(—Mr (wf(z\?) A - 1) r (a);(z\?) th - 1)

where T'(5) stands for an operator function of §, whose expectation value in
F is the ordinary Gamma symbol I'(s) for the integer or real number s, i.e.,
(n1n2| T(8) [n1n2) = T(s). The symbol wi (%) is given by

1 R . A
wf®) = i [2(:2 + 32 —3%) £/—16C1C3 + [2C5 — C3(2 + )1[2C2 + 3C3(2 + x)]] ,

In Eq. (63), the minus sign out of the square-root symbol has been omitted without
loss of generality.

3.3 The second kind of double-boson realizations of Rg' ;>

The second kind of double-boson realizations of Rg!;;>*“* may be chosen in the form

By (J3) = by (i, i),
By (1) = £,V . i) @D @) (64)

k.l )PP
BXD (1) = dbdb gy, ),

where the real operator functions hék’l) (ny,n2), f2(k’l) (71, n2), and gék’l) (n1, n») have
to be determined by the commutation relations (4) of Rg'>.

It follows from the first equation of Eq. (4) that we obtain the equation satisfied by
D @y, i)

A 1 . .
WD G i) — ~h$D Gy — ki =) = 2. (65)
q q
Its solution is given by

h$ Gy, i) = — 1 (1 _q,s—’;;—';%)7 (66)
q—

where f is an arbitrary real number, which will be set as —1/2 in order to give the
well known results of SU(1,1) by takingg = p=1,C; = C, = —1,and C3 = 0.
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The third equation of Eq. (4) requires that f>(n1, n2)g2(n1, 712) satisfies the fol-
lowing equation

k !
|:H n—i+1 :||:H np—i+1 :| D (n ﬁz) ék’l)(ﬁl,flz)
i=l1

i=1

- [H(ﬁl + i)} |:H(ﬁ2 + i)] D (g + kg + 1) g0 (A + k. g + 1)
i=1 i=1
=p (Cl —Cp+ C3P2) + (Cl —Ci1q +2Capg — 3C3P26]) hé"’” (11, 72)

+(C2 = Cag* +3C3pg?) [ (i, flz)]z + G0 =g [ (i, nz)]3 .
(67)

Inserting Eq. (66) into Eq. (67), we may obtain

P (qﬁl B 1) 2 (-2
1 3 n n 5 n = T T3~ ~_ _C - 1 B
fa(ir, in)ga (i, Aa) @ — D [ 1lg —D7q
+Cap(qg — 1) (ql_N +q' Zq(l_N)/z)
+C3p? (361171\/ +3gi _ g30-1/2 _3,0-1)2

_q(3—N)/2—ﬁ2 _ q(3+1f4)/2—ﬁ2)] _ (68)
Similarly, we will discuss in the following the unitary realizations and the non-
unitary realization of Rg',>* for the simple case of (k, 1) = (1, 1).

(a) The unitary realizations.

The unitary relations B;(Ji) = By(Jy) require fo(ii1, i2) = ga(i1, n2), then
substituting the expression of f>(ny, n2) given by Eq. (68) into Eq. (65), we may
obtain

By(sy) = L= (1= g~ 1072),
qg—1

o i R
B2(J+) = % I:—Cl(q — l)zq(lfN)/z

+Caplg —1) ( g - Zq(l_N)/z)

+C3p? (3611 N 3g!ie 3Rz 340072
o N2

—qO= N2 _ G2 nz)] afa, (69)

. ( n _ 1) o
By(J.) = a1az pt]—w [—Cl (g — 1)261(1 Mz
(g — D °nina
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+Cap(q — 1) (qHA’ +q' 7 - 261“”“”)
+C3p2 (3q1—N T 3q1—ﬁ2 _ q3(1—N)/2 _ 3q(1—N)/2

(B—N) /2> (3+A7I)/2—ﬁ2)]1/2_

—-q —-q

€1,€2,€3

Itis easy to check that the realization (69) obeys the commutation relations of R, ),

Inserting Eq. (69) into Eq. (3), the Casimir invariant C of Ry, reads

M2 ? y
_ (’7;__/1;3 [C1a = 1?+ Catg = DnGit/ + PG ], o)

where n(M )= pd — qM +1/2y, Calculating the expectation value of C in the Fock
space J gives

n(Jj)

(nina|Clning) = ((]——1)3

[C1a =17+ Catg = D) + Csn*(H]. - TV
where j = M /2, M = n| — nj is the eigenvalue of M.

It is clear from Eqs. (69) and (70) that [32(.]3) depends on the total particle number
operator N only, while C the particle number difference operator M only, which are
different from those for the first kind of double-boson realization given in the last
subsection.

Finally, let us end this subsection by giving the symmetric results for Rg' ;> First,

exchanging 717 and 715 in Egs. (69) and (70), then combining them with the respective
original one, we may obtain the new double-boson realization

“ p _ 3
Ba(ss) = = (1= g7+
q—1

y 1 . A .
Ba() =[5 [Cip(a = 170702 (—g™ = g™ +2)
2(q = 1)°miny

+Cap2 (g — 1) (_2ql—N +gtM 1M 4, (0=N)/2 o (1402

_2q<1fM>/2)+C3p3 (_6q17N+3q1+M+3q17M
+2q3(171v)/2 + 6q(1*N)/2 B q3(1+M)/2
1/2

—361(1+M)/2 _ q3(1—M)/2 _ 3q(l—M)/2)] ara;-’ (72)

y / 1 P S
By(Jo) =aar, | - [Clp(q — 1)?qI N2 (—CI"' -q" + 2)
2(g — 1)’nina

+Cap2 (g - 1) (_2q1—N LgttM 1M 4, (=N)/2 o (M2

_2q(1fM>/2)+C3p3 (_6q17N+3q1+M+3q17M
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12430072 g (1=N)/2 _ 300+4D)/2

N v v 1/2
_3g(1HM/2 _ (30-0D/2 _ 3,0 M)/Z)] ,

and the new Casimir invariant

1
C= T [—C1 @ — DY+ Cag - Dy? — C3n(3)] : (73)

where n@ = p[(1 — g+M/2)i 4 (1 — ¢g(1=M)/2)11/2 Tt is not difficult to check that
the realization (72) obeys the commutation relations of Ry',%**, and C given by Eq.
(73) commutes with l§3(Ju) given by Eq. (72). We observe that indeed there exist
explicit symmetries in Eqs. (72) and (73), that is, exchanging 7] and 7, leaves these
results invariant. Although the expression (73) is very different from the expression
(58) given in the last subsection, their eigenvalues in the Fock space are the same under

some limiting values, for example, ¢ = p = 1.
(b) The non-unitary realization.

It follows from Eq. (68) that g»(7i,72) = 1 may immediately give rise to the
non-unitary double-boson realization

_ p _ o
By = L= (1-q~ 072,

1) i
p(q— [_Cl (¢ — 1)2g1=M/2

By(Jy) =
2 = s I
+Coplq = 1) (¢"7 + ' —241772)
HCap2(3g "N 431 — 3002 _3,0-R)2 (74)
_gB—/2=ia _ q(3+M)/27ﬁz)]aii-a;—7
Bz(]_) =aay.

The Casimir invariant C has the same expression as Eq. (70). Similar to (56), the acting
spaces of BQ(J#) are the whole Fock space 7.

The symmetric forms of the non-unitary double-boson realization (74) may also be
obtained by using the same method as used in the last subsection, however, they are
not given here.

(c) Unitarization of the non-unitary realization.

Now we discuss the connection between the non-unitary realization (74) and the
unitary realization (69). Similarly, here we restrict ourselves to the special case ¢ =
p = l,ie. Bj(J,) =limy p—1 B2(J,) and B} (J,) = limy ,—1 B2(J,).

Denoting the similarity transformation by S,, we have

$2By(J)Sy = By(Jy), m=3, +. (75)
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Here S, depends only on the particle number operators n and 712 too.
Using Eq. (75) and the unitary conditions (B/ (Je) = B! »(J+), we may obtain the
following unitarization equations

U5 (B5(J3)' Us = By(J3),

! ’ (76)
U (By () Ua = By(Js),

where Uy = S; $,. Calculating the matrix element of Eq. (76) in the Fock space F»,
and using Eq. (74) withg = p = 1, we have

{4c1 £ 4C(ny — 1)+ C3 [n% 430y — 1)2]} Sy(n1, n2)>
+4n28> () — 1,n0 — 1)? = 0. (77)

Solving Eq. (77) gives

(=D CIMT (1 + AT (0F (M))T (@) (M)

Sa(ny, fiy) = - — — . (78)
Q2 —MTI(0f (M) +i; — DI (0 (M) + i — 1)
where
. 1
wy (%) = e

x [2C2 4 C3(5 —38) + /—16C,C3 + [2C2 — C3(1 + D)I[2Ca + 3C3(1 + )2)]] .

3.4 The irreducible representation of Rg! ;>

Similar to SU(2), Rg';»*** has the Casimir invariant C, hence, making use of the very
parallel treatment of angular momentum in quantum mechanics [30], it is not difficult
to obtain the unitary representation of R;l }52‘03 in the common eigenvectors (called the
angular momentum basis) {|jm)m = —j, —j + 1, ..., j} of the elements {C, J3},
with j and m labeling the eigenvalues of C and J3 respectively. Here, as an application
of boson realizations, we now use one of double-boson realizations to calculate the
irreducible representation of Rg', .

It is well known that the exphclt connection between the particle numbers {ny, n,}
and the angular momentum quantum numbers {j, m} is given by [30]

1 1
J=z0n4n), m=zn—n). (79)

We observe from Eqs. (57) and (56) that the same connection exists for the first kind of
unltary double-boson realization, i.e. , C depends on the total particle number operator
N = n1 + ny only and B 1(J3) the particle number difference operator M= 1 — N2
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only. Thus, using the first kind of unitary double-boson realization (56) and Eq. (79),
we may obtain

. 14 — .
J3ljm) = qT](l —q "M)jm),

] —m( j+m+1 _ 1) , _
T+l jm) = \/”q . [-Cia =D+ Capg = 1) (¢ 447" —2)

(g —1)3
4 . . 172
—C3p2 (q2(j+1)_Sq]+l+q—2m_3q—ln+qj—m+l+3)] |]m+ 1>’
(80)
) 1,m( j+m _ 1) . _
J-ljm) = /”q o e 0P Capa =1 (a7 g -2)

) . B B . 12
—C3p2 (q2(1+1)_3qj+1+q2(1 m)_3q1 my g m+2+3)] |jm—1).

Wheng = p = C; = C; = 1 and C3 = 0, Eq. (80) becomes the standard form of
the irreducible representation of SU(2) [30].

4 Conclusion

In this paper we have obtained the explicit expressions for the master representation
of Rg'»“ on the space of its universal enveloping algebra U(R) and other inde-
composable (irreducible) representations subduced on some invariant subspaces of
U (R) or induced on some quotient spaces U (R)/I; with I;s being the left ideals with
respect to U(R). For U (R), we may choose the other bases by arranging the three
generators J4, J_, J3 in different sequences, for example, {Jg1 J J’f J”}, then the corre-
sponding indecomposable (irreducible) representations can be obtained by the similar
approach. They may be related to each other by symmetry considerations. Further-
more, we have obtained various boson realizations of Rg' ;" such as single-boson,
single inverse boson, and double-boson (symmetric) realizations by generalizing the
usual boson realizations of SU(2) and SU(1,1). It is worth mentioning that in the
single-boson realizations, the solution (32) of Eq. (30) is not unique because it allows
an extra term aq” —7/k where a and b are arbitrary constants. Similar properties exist
for the single inverse boson realizations and the double-boson realizations. We have
revealed the fact that the nonunitary realizations and the unitary ones may be related by
the similarity transformations, which have been obtained by solving the corresponding
unitarization equations.
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